A new nonlinear filter referred to as the statedependent Riccati equation filter (SDREF) is presented. The SDREF is derived by constructing the dual of a little known nonlinear regulator control design technique [l] which involves the solution of a state-dependent Rccati equation (SDRE) and which has been appropriately called the SDRE control method. The resulting SDREF has the same structure as the continuous steady-state linear Kalman filter. In contrast to the linearized Kalman filter (LKF) and the extended Kalman filter (EKF) which are based on linearization, the SDREF is based on a parameterization that brings the nonlinear system to a linear structure having statedependent coefficients (SDC). In a deterministic setting, before stochastic uncertainties are introduced, the SDC parameterization fully captures the nonlinearities of the system. It was shown in [l] that, in the multivariable case, the SDC parameterization is not unique and that the SDC parameterization itself can be parameterized. This latter parameterization creates extra degrees of freedom that are not available in traditional filtering methods. These additional degrees of freedom can be used to either enhance filter performance, avoid singularities, or avoid loss of observability. The main intent of this paper is to introduce the new nonlinear filter and to illustrate the behaviorial differences and similarities between the new filter, the LKF, and the EKF using a simple pendulum problem. The theoretical aspects of the filter are not presented here since they are yet to be investigated.
Introduction
The SDRE method is an emerging control design methodology. It represents a systematic way of de- ' [5] for a nonlinear benchmark problem design and is briefly mentioned in [6] . The SDRE technique can be illustrated by considering the following nonlinear regulator problem:
Minimize with respect to the state x and control U subject to the nonlinear differential constraint 5 = f (x) + g(x)u (2) where x E Rn, U E Rm, f(x) e C", g(x) E C", Q ( x ) E C", R(z) E C" and where Q ( x ) = 
CT(x)C(x)
2B(.) = g(x)(4)
A~(~) P + P A (~) -P B (~) R -~(~) B~(~) P + Q ( Z )
= o (5) ii) Solve the state-dependent Riccati equation (SDRE) to obtain P 2 0. Note that P is a function of x.
iii) Construct the nonlinear feedback controller via
The following interesting properties of the SDRE method are proven in [l]: a) In the case of scalar z, the SDRE method yields the optimal solution of the nonlinear regulator problem even when the state and control weighting matrices are functions of z. b)
In the multivariable case, i) under mild conditions of stabilizability and detectability, the method is locally asymptotically stable, ii) with X = P ( z ) z , the necessary condition for optimality H, = 0 is always satisfied, iii) under stability, as the states are driven toward zero, with X = P(z)z, the necessary condition for optimality = -Hz is asymptotically satisfied at a quadratic rate. Properties ii) and iii) represent a nice suboptimality property of the method and result in the SDRE control trajectories converging to the optimal control trajectories as the states are de- 
is also an SDC parameterization for any a. Note that A ( z , a) represents an infinite family of SDC parameterizations contained in a line. In general, an SDC parameterization A ( z , a) can be constructed which is the parametric representation of a hyperplane con-
where a is a vector of dimension k -1. The introduction of a creates extra degrees of freedom that can be used not only to enhance the SDRE controller, but also its dual, the SDRE filter.
The positive characteristics of the SDRE control method motivated the development of the new nonlinear estimator which noteworthily has already been used successfully as an observer in [3] . In the next section, the SDREF is derived. In Section 3, the extra degrees of freedom that are available in the SDREF are discussed. In Section 4, the SDREF, the linearized Kalman filter (LKF) [7] , and the extended Kalman filter (EKF) [8] are applied to a pendulum problem and compared. The paper is then concluded with a summary section.
The SDREF Derivation
Upon examining Eqs.
(1)-(6), it can be seen that the time-invariant infinite-horizon nonlinear regulator problem being considered is a generalization of the time-invariant infinite-horizon linear-quadratic regulator problem where all of the coefficient matrices are state-dependent . When these coefficient matrices are constant, the nonlinear regulator problem collapses to the linear regulator problem and the SDRE control method collapses to the steady-state linear regulator.
We can obtain the filtering counterpart of the SDRE control algorithm by taking the dual of the steadystate linear regulator and then allowing the coefficient matrices of the dual to be state-dependent. The dual of the steady-state linear regulator is the steadystate continuous Kalman observer which in the absence of control reduces to the steady-state continuous Kalman filter. This leads to the following.
The SDC Form and the SDRE Filter
Consider the stochastic nonlinear system
where w is Gaussian zero-mean white process noise
with E[w(t)wT(t + T ) ] = W(t)6(T) and w is
Gaussian zero-mean white measurement noise with
E[v(t)wT(t + T ) ] =: V(t)S(T).
After bringing the system to the SDC'form the SDRE filter is given by
where
Kf(f) = P H T ( f ) V -l (13)
and P is the positive definite solution to
Additianal Degrees of Freedom
The additional degrees of freedom provide by the nonuniqueness of the SDC parameterization can be used to either enhance the filter's performance, avoid singularities, or avoid loss of observability. In this section we show with a single extra degree of freedom how we can avoid loss of observability in a simple example problem. Consider the system with dynamics 
Simple Pendulum Problem
The new SDREF will now be applied to a simple two dimensional pendulum problem and compared with the linearized Kalman filter (LKF) and the EKF. 
The measurement is from an accelerometer attached to the bob of the pendulum. Thus the measurement
The parameterization chosen for the SDREF is 
where (32)
Note that for 21 = 7r radians there is a singularity in the SDREF gain. This can possibly be overcome by parameterizing the SDC parameterization in terms of a (based on a second distinct parameterization) and selecting cy so that the singularity is avoided. This would allow the SDREF to track the pendulum through 360 degrees. This will be investigated and included in a future draft of the paper. 
Numerical Results
All simulation results were determined using Matlab and Simulink. The program was run using g = tion was performed using a fourth order Runge-Kutta scheme with a fixed step size of dt = 0.005 sec. A measurement noise intensity of V = 2 was used for all of the filters. The process noise intensity was selected to be G11 = 0.05 and G22 = 0.05.
32.2 sec2 ft and L = 1 ft. The numerical integraTwo numerical experiments are presented using the three filters. In the first experiment, the initial conditions input into the filter are the same as the actual initial position (21 = 1 rad and 2 2 = 0 rad/sec). Figures 1 through 4 show the results. Figure 1 has the three filter outputs for 21, the pendulum position. Figure 2 illustrates the error in the position estimate. Note how similar the SDREF is to the EKF. Figure  3 presents the the estimated rate 2 2 for the three filters. Figure 4 is the rate errors. Notice how both the SDREF and the EKF provide nonlinear estimates whereas the LKF, because it is a linear filter, cannot capture the nonlinearities and thus produces a phase shift and amplitude scaling.
In the second numerical experiment, the filters' initial conditions did not coincide with the actual initial conditions. The results of this experiment are presented in Figures 5 through 8 A new nonlinear filtering technique has been developed and demonstrated. The new filter is based on a parameterization of the nonlinear dynamics and nonlinear measurements which gives rise to a linear structure having state-dependent coefficients. The SDRE filter represents the "dual" of the SDRE control algorithm which is proving to be highly effective in solving nonlinear regulator problems. A numerical experiment was conducted using a simple pendulum operating in the nonlinear regime. For this example, the results show that the SDREF has the same characteristics as the EKF but does not require propagation of the covariance matrix. It was also shown that the new filter has the same nominal growth characteristics as the LKF when the initial state estimates are different than the actual initial values. Future work on the filter will include investigating the theoretical properties of the algorithm, both as an observer and as a filter.
